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Differential Equations
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Differential Equation means that: | s:

states how a rate of change
“differential” In one variable 1Is
related to an other variable.

are equations generally contains
derivatives and iIntegrals of a
dependent variable with respect to an
Independent variables.
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Example For Differential Equation:

As shown iIn the figure: Series RLC circuit has
applied voltage Vv :

di L R
_I_

v(e)=Rile)+ L~ +[i(e)ar — 0000 NN\

vy (5) ) c =
i(f)

A

v{z), R, L,C|| Independent or Known variables.

equation.

i(z) || Dependent or Unknown variable and to
be known its value you must solve this
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How Can I Solve
Differential Equation?

Automatic Control
Dr. Ayman Yousef  Modified by: Dr.Emad Sami



Solution Of Differential Equation | | ss:
Can Be Done Using Either of:

A
[ )

Laplace  Transform||Partial Fraction
Table. Expansion Technique.
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Laplace Transform
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Laplace Transform Method is famous
method used in solving the differential
equations because:

Both transient component and steady-state
component of the solution can be obtained

simultaneously.
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a function of time

A 4

Laplace Transform

|

a function of
frequency
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Difference between
+-domain and s-domain
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t-domain and s-domain: oo
* These are two ways of viewing the same thing.
* Are used In understanding the behavior of

a dynamic system (dynamic system: is the system
that has variables change w.r.t time).

Time domain: t-domain

* we measure how long
something takes.

* what happens In the
time domain as temporal

Freg. domain: s-domain

we measure how fast or
slow It Is.

* what happens In the
time domain as spectral

Automatic Control 11
Dr. Ayman Yousef  Modified by: Dr.Emad Sami




eAny real-world signal can be represented
by only one combination of sine waves.

eIn the diagram, a waveform is
represented as the sum of two sine waves.
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Amplitude
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Laplace transform sels

= Definition: For a function f(t) (f(t)=0 for t<0),

F(s)=L{f®)} = [ f(®)e"dt

(s: complex variable)

f(t) )
~~— | 7 Fes)

U

* We denote Laplace transform of f(t) by F(s).
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Properties of Laplace transform

1- Differentiation 3
the Laplace transform of a time derivative Is

LI T®]=F(s)

df (t) | ~
I{T}—SF(S) f (0)

d () |_ ey o
I{ e }—s F(s)—s"f(0)

—$"2£1(0).....— f "D (0)

where 7(0), /7(0) are the initial conditions,
or the values of /(7). d/dt f(r)etc.at 1 =0
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c{f(t)} = sF(s) - f(0) e

t-domain

f()
L‘
. 7@ | s{sF(s)- f(0)} - £(0)
15}
s-domain
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2- Linearity:

L N1(1) =

= f2(0)] = Fi(s) = Fa(s)
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Unit step function
0 1 1 t20
=T . f(t)—u(t)—{o <0
1 1
s I[1]:g

Dr. Ayman Yousef  Modified by: Dr.Emad Sami



Unit ramp sec:

t>0

similarly | ZL[t" =
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Exponential function $3&

B e—(s—a)t 1%
- —(s—a) |,
) 1
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Impulse function

f(t)=5

Width =0
Height = inf
Area =1

Ls(t)] = T St)edt =e™

=1

t=0
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Sine and cosine functions

-
ar g
\/ .

L[sin wt] =

0,

S

2

+ w°

Y = Ccosx
Yy
= -
05 \ /
T - - o Fd
: w 3 I
05

L[coswt] =

S

SZ

+ w°
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3- Integration:

IU; f(t)dt} _ FS)
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4- Constant Multiplication: E:.
ZLlaf(1)] = ak(s)

5- Real Shift Theorem:

LIf(t—=T)=e "F(s) for T >0



o- Initial Value Theorem:

£(0) =1lm]| /()] = Iim [sF(s)]

—() §—00

7- Final Value Theorem:

(o) = 11m [/(J)] = lim [sF(s)]

§—()
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Common Laplace transform pairs

Time function ()

Laplace transform [ f(1)] = F(s)

unit impulse &(¢)

unit step 1
unit ramp ¢

IJI'
E—ﬂ!’

] _ E—ﬂ!

sSin ot

COs wit

e ¥ gin wi

Inverse
Laplace
Transform

o,
e “(coswt — —sin wt)

1

1/s

1/s*
ri!

D 1
1

(5 + a)
el

s(s + a)

W
52 4 w?
5

52 4 w?
W

(& + r.’.i']z —+ w
5

(& + a) + w?
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An advantage of Laplace transform

= We can transform an ordinary differential
equation (ODE) into an algebraic equation (AE).

t-dlomain s-domain

A .
r Ty z Ty
L
[Cooe |5
£t |Partial fraction |
Solution to ODE | - @ expansion
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* Solution of ODE means SEPARATION of
the variables such that :

t...... In Right Hand Side
y(t) .... In Left Hand Side

*To find the final value of y(t) then use the
final value theorem of laplace
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Example 1 (distinct roots) sos:
ODE with initial conditions (ICs) :
d?1 y(t P

y'(t)+ ¥ (t) —2y(t) =0

1. Laplace transform

s%Y (s)—sy(0)—y'(0)+ {sY (s) — y(0)} - 2Y(€) =0

E{;;(t)} E{y'?t)} £{2y(t)}
- 3
= YO =6+
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Example 1 (cont'd) coec
‘ i , unknowns b
2. Partial fraction expansion e / o
3 A B
Y(s) = = 4
(s=1)(s+2) s—1 s+2
To obtain A:
Multiply both sides by (s—1)& let s go to +1:
F — 3.._ H —
(= DV (Vg = A=) - B A=1
To obtain B:
Multiply both sides by (s +2)& letsgoto -2 :
A
(s+2Y(s)l,_o= (s+2) + B ED BR=-1
(s—1) |,
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Example 1 (cont'd) eseo
3. Inverse Laplace transform E
Y (s) = A + B ] -1

s—1 s+ 2 3-1+S+2

t
) y(t) = \__}‘__’e —1 e~

g o
A R

If we are interested in only the final value of y(t), apply
Final Value Theorem:

fim y(t) = lim s (s) = lim 3 =0

0(s—=—1)(s+2)
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Example 2 (distinct roots) 4

o0
ODE with initial conditions (ICs)

d?y(t ay(t
[ I{;igf}+3IJd_€0+2y(t) = %, y(0) = —1, '(0) =2

v () +3Y' (1) +2y(t) =5

1. Laplace transform

52Y (5)—sy(0)—y/(0)+3 {sY (s) — y(0)}+2Y (s) = E
£{v" ()] £{v®)
—s2— 545

= Y(s)=

s(s+1D(s+2)«— distinct roots

Automatic Control 32
Dr. Ayman Yousef  Modified by: Dr.Emad Sami



oo0
Example 2 (cont'd)

2. Partial fraction expansion G .

2 e
Y(s)= 3(:|- 1_}::}2) - g * f 1ty -fz
Multiply both sides by s & let s go to zero:

sY(s)ly—o=A+ Safl o7t ﬂsfg 0 A=Y ()= g

Similarly, B = (s+1)Y(s)],._y=--=-5
C = (s+2Y()|op="=3
Automatic Control 13
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Example 2 (cont'd)

3. Inverse Laplace transform

_A, B C 3, s :

Y(S)_;+3+1+3+2_;+3+1+3+2
—) y(f}=(§+£_—ﬁe"+gﬂ‘2‘]

D I kal

—32—3+5

MMyt = lim sY(s) = im e G+
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Example 3 (repeated roots) see.
el
o
ODE with initial conditions (ICs)
3 2
Eﬁ'}ﬁd jgﬂ+a‘ﬁ’;—i”+4y{t} = zé(tﬂ y(0) =¢/(0) =¢"(0) =0
() +5Y" () +8Y () +ay(t) = 25(1)
1. Laplace transform
s$3Y (s) — s2y(0) — sy/(0) — y"'(0) «—— C {y'"(t)}
+5 {52Y (s) — sy(0) — ¥/(0) } — £{sy"()}
+8{sY(s) —y(0)} «—— ¢ {8 y'(t)}
+4Y(s) «— £{ay(®)
2\ o 7 Repeated roots
= YO =i G120
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Example 3 (cont'd) 33
:0
2. Partial fraction expansion //unknnwns
\
Y (s) = : -ty B O
(s+1)(+2)2 ~ s+1 (s+2)2 s+2
To obtain A:
O = B c
(s+1)Y(s)|smq = A+(s +1) (42 s+1+(5+ 1), 12y = A=2
To obtain B:
2 _ 2 ."‘.
(s+2)%(s) __,=(s+2) st 1, BtE+2ACer = B=-2
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Example 3 (cont'd)

2. Partial fraction expansion ekl
// \
. 2 A B C
YO = D622 stiTGr22ter2
Put S=0in both
sides and substitute
about values of A& B
... then C =-2
C=-2
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Example 3 (cont'd) oo’

3. Inverse Laplace transform

A B C 2 -2 -2
Y($8) = —-+
s+ 1 S

s+ 2 _3+1+(3+2)2+3+2

= y(t) = ( 2 e +£_,Eltﬂ_m + ?e'gt)

A B L

If we are interested in only the final value of y(t), apply
Final Value Theorem:

lim y(t) = lim sY'(s) = lim - =0
t—00 s—0

s—0 (s + 1) (s + 2)?
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